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ABSTRACT. In this article, we study the stability in the inverse problem of determining the time-
dependent convection term and density coefficient appearing in the convection-diffusion equation,
from partial boundary measurements. For dimension n > 2, we show the convection term (modulo
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1. INTRODUCTION

For n > 2, let © C R™ be a bounded simply connected domain having C? smooth boundary
I' =0Q. For T > 0, let us introduce the parabolic operator L4, in the cylinder @ := (0,7") x Q by

Lag=0—Y (95 +Aj(t,x))* +q(t, ), (1.1)
j=1

where A(t,z) = (Ai(t,z), As(t, ), ..., Ap(t,z)) € (WH>(Q))" and ¢ € L=(Q). We consider an
initial boundary value problem (IBVP) known for the convection-diffusion equation which models
physical processes like mass or heat transfer within a body and, also appears in probabilistic study of
diffusion process (like, the Fokker-Planck and Kolmogorov equations), finance (like, the BlackScholes
or the Ornstein-Uhlenbeck processes) and chemical engineering (for describing the movement of
macro-particles)

£A7qU(t,$> = 07 (th) € Q7
u(0,2) =0, z€Q, (1.2)
u(t,z) = f(t,x), (t,x) e X:=(0,T)xT.
We first briefly discuss some well-posedness results regarding the above IBVP. Following [17], one
can consider suitable spaces for the forward problem (1.2). However, in the context of our article,

we assume more regularity on the coefficients in the operator (1.1). Inspired by [6], for a given
m > 0, we define the admissible set M (m) of coefficients A and ¢ by

M(m) = {(A,q) € HQ:R") x H*(Q:R): [ Alls @) + gl 1@y < m and k > 152 4 3},

Now, we introduce some time-dependent Sobolev spaces for p, ¢ being non-negative real numbers
and M =Qor, I’

HP((0.7) x M) = L7 (0,T: HY(M)) 0 H* (0, T: L*(M))
1
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equipped with the norm

HUHHM((O,T)XM) = HUHL2(0 T;HP(M)) T+ HUHHq(o T;L2(M))-
Further, we denote Hy(X) := {f € HP(X); f(0,2) =0, = € Q} The existence of unique solution
u € H*(Q) to the IBVP (1.2) for a given Dirichlet data f € H2’4 (%) follows from [47]. Also then,
we have some C' > 0 depending only on m and () such that

Ul g2 <C 33 .
Jullns) < €Ul 34,
3
2
0

We can define the Dirichlet to Neumann (DN) map A%, : H,
Ny o(f) = (Ou+2(v - A)u) |,

where u solves (1.2) and v(z) denotes the unit outward normal at = € T.

The inverse problem under consideration here is the stable recovery of time-evolving properties
of a homogeneous medium such as A and ¢, by applying heat source on ¥ and measuring the
heat flux on a part of 3. To be precise, we study the stability aspects for unique recovery of
(A, q) from a partial DN map which measures the Neumann outputs on a part of 3 related to a
small open neighborhood of the wp-illuminated face which is defined in (2.1). It is known that the
convection term can be recovered only under the divergence free condition (with respect to space
variables) because of the non-uniqueness associated to the gauge transform (see [51, 55]). We derive
a stability estimate for the divergence free convection term A. In doing so, a stability result for
analytic continuation from [49] will be very helpful (see also [57]). Also we borrow an important
construction for the principal term in the geometric optics solutions from [43] which was originally
used in the framework of dynamical Schrodinger equation. The decay in the remainder terms of the
geometric optics solutions follows from a Carleman estimate. For stability of the density coefficient,
we again use the stability result for analytic coninuation in combination with the stability estimate
of A.

The issues regarding unique and stable determination of coefficients appearing in parabolic PDEs
from boundary measurements have attracted much attention during last several decades. Motivated
by the seminal work [56] by Sylvester and Uhlmann, Isakov in [32] uniquely determined the time-
dependent coefficient when A = 0, by using an argument based on completeness of the product of
solutions. The stability issues of the same problem has been resolved by Choulli in [23]. In [2],
Avdonin and Seidman used boundary control (BC) method pioneered by Belishev which is fur-
ther developed by Katchalov, Kurylev and Lassas (see [4, 35] and references therein), to establish
uniqueness result for time-independent ¢. In the absence of any zeroth order term, Cheng and
Yamamoto proved in [18, 19, 20] uniqueness of convection term which belongs to some Lebesgue
spaces from single measurement when n = 2. Gaitan and Kian in [30] obtained stable determina-
tion result for time-dependent ¢ in a bounded cylindrical domain when A = 0 which was further
generalized in the article [45] by Kian and Yamamoto proving analogous results in time-fractional
diffusion equation settings. In [25], Choulli and Kian derived logarithmic stability estimates for
time-dependent term ¢ working only with partial DN map, in the absence of first order coefficients.
In [12], Bellassoued and Rassas stably determined the convection term A and density coefficient
g both of which are time-independent. Vashisth and Sahoo in [55] obtained unique determina-
tion result for time-dependent convection term (modulo gauge equivalence) and density coefficient
from full Dirichlet and partial Neumann data. In this work, we have proved the stability esti-
mate for determining the time-dependent convection term and the density coefficients from the
knowledge of full Dirichlet data and the Neumann data measured on a portion which is slightly
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bigger than half of the lateral boundary. We refer to [10, 21, 22, 24, 26, 23, 27, 30, 33, 34, 50]
for more works in inverse problems related to parabolic PDEs. Also, there have been a consider-
able amount of work done in the context of hyperbolic and dynamical Schrédinger equations (see
[1,3,7,11, 14, 15, 29, 41, 42, 43, 44, 13, 52, 53, 8, 9, 31, 39, 37, 38, 40, 46, 54, 48, 36] and references
therein).

The article is organized as follows. In §2, the main result of the article is stated. Then boundary
and interior Carleman estimates for the operator £ 4, are derived in §3, followed by the construction
of geometric optics solutions in §4. Finally, we discuss the stable determination results for the
convection term A and density coefficient ¢ in §5.

2. STATEMENT OF THE MAIN RESULT

We begin this section by introducing some notations. Following [16], fix an wy € S*~! and define
the wy-shadowed and wp-illuminated faces by

O (w) ={x€d: v(z) wy>0}, 00 (wy):={xe€d: v(x) wy <0}

of 99 where v(x) is the outward unit normal to 02 at « € 0. For a given small € > 0, we define
the small open neighborhoods of 9€; (wy) and 92— (wp) by

00 ¢/2(wo) == {:c € 0Q; v(z) - wo > %}, and  0Q_ j2(wp) = {a: € 00; v(zr) w < %} (2.1)

respectively. Corresponding to 0€4 (wy) and 9Q4 /2(wp), we denote the lateral boundary parts by
Y4 (wo) == (0,T) x 004 (wo) and X ja(wo) := (0,T) x 04 /2(wo) respectively. Let us define the
3 3

partial Dirichlet to Neumann map denoted by A4, : HZ *(X) — H%’%(E,ﬁ/Q(UJo)) as

Maglf) = @u+2A- vy [, (2.2)

wo)

We now state the main result of this article.

Theorem 2.1. Let (A;,q;) € M(m), i = 1,2 and T > diam 2, where Q C R" is a bounded C?
smooth domain for n > 2. We denote by A; the partial DN map corresponding to Ly, as defined
in (2.2). Under the assumption Ails = Asls and V, - Ay = V, - Ay in Q, we have the following
estimates for some positive constants C, aq, as, 1 and Py depending on m and Q)

A1 = Asllr2() < C ([[Ar — Ag||** + [log |log [[A1 — Ao|[]|*?)

lar = aallz2iar < € (1A = Aall + [log log |og [ A1 — Aalll 1)

We remark here that, in the recent work [6], Bellassoued and Ben Fraj discussed the stability as-
pects of determining the time-dependent coefficients appearing in the convection-diffusion equation
and proved logarithmic and double logarithmic stability results for the convection term and density
coefficient respectively. Moreover the Neumann measurements there are taken on any arbitrary
part of the lateral boundary ¥; but the coefficients in [6] are assumed to be known in an open set
containing > which is essential to apply a local unique continuation result near the boundary. In
contrast to [6], we consider coefficients which agree only on the lateral boundary. Although we work
with the Neumann data measured on a particular subset of ¥, which is slightly more than half of
the boundary and obtain double and triple logarithmic stability estimates for A and ¢ respectively.
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3. BOUNDARY AND INTERIOR CARLEMAN ESTIMATES

We prove here a boundary Carleman estimate involving for the operator £, , which will be used
to control the boundary terms appearing in the integral identity given by (5.6) where no information

is given. Now, we choose xy € R" such that inf (x 4+ z¢) - w > 0. For this choice of w and ¢, the
e
derivation of Carleman estimate goes as follows.

Theorem 3.1. Let ¢(t,z) = Nt + v -w and u € C*Q) with u(0,-) = 0 and u|ls = 0. For
(A, q) € M(m) there exist A\;,C > 0, depending only on m and @ such that

/ e 20(t2) (/\2|u(t,;10)|2 + \qu(t,a:)\z) dzdt + / e 20(T) ()\|u(T, 33)\2 + | Vu(T, x)|2) dx
Q Q

+ /\/ e~ 202y p(2)|0,u(t, z)|? dS,dt < C/ e 200D | £ 4 u(t, ) dadt (3.1)
Tiw Q
+ C'/\/ e 2002 | p(2)||0,u(t, z))? dS,dt
S

holds for all A > ;.

Proof. We have to convexify the Carleman weight ¢ appropriately due to the presence of first order
derivatives in L£4,. For a proof of the boundary Carleman estimate, we refer to [17] where the
following convexified weight has been considered for s > 0

s ((x + xo) - w)2
2

where xy € R” is as mentioned in the line just before the statement of Theorm 3.1. U

Gs(t, ) = N2t + A - w —

We write down the interior Carleman estimate which easily follows from Theorem 3.1 and will
be used to construct the geometric optics solutions.

Corollary 3.2. (Interior Carleman estimate). For (A,q) € M(m) there exist A\;,C > 0 depending
only on m and Q) such that the following estimate holds for u € C°(Q) and X\ > A\

[ (Rt )+ Vet 2)F) st <€ [ DL ) daa,
Q Q

4. CONSTRUCTION OF GEOMETRIC OPTICS SOLUTIONS

In this section, we construct the geometric optics solutions for the parabolic operator £, , and its
formal L? adjoint Ly, =L ag For A>0,let ¢(t,z) := A’t + Az - w be the weight function. Then
we construct the geometric optics solutions u and v for the operators L4, and L , respectively
which have the following forms

u(t,z) = e?(t:) (B, + Ry) (t, ),

4.1
and v(t,z) = e (By+ Ry) (t,z). (4.1)

Next we show that for A large enough, the remainder terms R, and R, can be estimated in terms of
their principal terms By and By respectively. The decay of R4 and R, in A will be crucial to derive
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stability results from an integral identity obtained by using the solution to an adjoint problem and

the given data.
We start with some definition and notations. For m € R, we define L?(0, T; H*(R")) by
LX(0,T; HP'(R™) = {u(t,-) € S'(R") : (A + [¢)™ Foult, &) € L2((0,T) x R™)},

equipped with the norm

T
[ Ar—— / / (V4 1€2)™ |Foult, ) dedt,

where S’'(R™) denote the space of tempered distributions on R™ and F, is the Fourier transform
with respect to the space variables. For 0 < § << 1, we consider a sequence 75 € C2°(,T — ) such

that
ns =1 on [20,T — 28] and, ||ns|lwrem < CO*, for k € N.

Theorem 4.1. Let § € (0,T/4), La, be as in (1.1) and for w € S™™1, let ¢(t,z) = Nt + \v - w.

(1) (Ezponentially growing solutions) For (1,£) € R™™ such that w-& =0, (A4,q) € M(m) and
D € W*(Q;R™) with ||D||ws.qrny < Co, there exists \g > 0 depending on m,Cy and Q

such that for X > Ao, we can find v, € H*' ((0,T) x Q) solution to

EA,Q’U(t’x) = 07 (t,.’ﬂ) € Qa
v(0,2) =0, x€

taking the form
vy(t,x) = e?B™) (By(t, ) + Ry(t, x))

where By(t, ) is given by
Bg(t, iL') _ n&(t)% . V:L‘ <6—i(T,§)-(t,x)e(fR w-D(t,z+sw) ds)) e(fooo w-A(t,z+sw) ds)

and R, satisfies the following estimate

| Ryl 20,10 (2 < CA '3, &), for k € {0,1,2}.

(4.2)

(4.3)

(4.4)

(2) (Exponentially decaying solutions) For (A, q) € M(m), there exists \g > 0 depending on m

and Q such that for X > X\, we can find vg € H>* ((0,T) x Q) solution to

{Ez’qv(t’x) =0, (tm)eq
v(T\z) =0, ze
taking the form
wilt.a) = € (Balt, ) + Ruft, )
where By(t,x) is given by
By(t,z) = na(t)e(fo"" wA(ta+sw) ds)
and Ry satisfies the following estimates

| Rall 20.1:mr ) < CATTF673) for k € {0, 1,2}
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The proof of the above Theorem relies mainly on some arguments from functional analysis as we
need to consider appropriate functional which would be extended and identified by Hahn-Banach and
Riesz representation theorems. But continuity of such functional would be possible once we obtain
suitable negative order Carleman estimates. Thus we state the following Carleman estimate in a
negative order Sobolev space and proof of this estimate follows from very standard arguments (see
6, 8,9, 17, 28] and references therein). To state the Carleman estimate, we define the conjugated
operator P, by

Py = e_¢£,47qe¢.
Proposition 4.2. (Shifting the index). Let A,q,¢ and L4, be as in Theorem 4.1.

1) Let Py := e ®L4e?, then there exists \g and C > 0 such that for u € C*([0,T]; C>(
d c
with u(T,-) =0 and A > X\, we have

HUHL2(0,T;H;1(Rn)) < C’\PAU"LQ(O,T;H;Q(Rn))- (4.7)

2) Let P; = e®L* e~ ?, then there exists Ay and C > 0 such that for u € C([0,T]; C>(
A Ayq c
with u(0,-) =0 and X\ > Ao, we have

lull 2111 @)y < ClIPRUl L2072 @y (4.8)

For the sake of completeness, we prove the following standard proposition which will lead to the
proof of Theorem 4.1.

Proposition 4.3. For f € L?(0,T; H'(R™)) there exists w € H>' ((0,T) x R") solving the IVP

P)xw - f7 n Q7

w(0,2) =0, x € Q
satisfying, |[w|z20.1:m2(0)) < Clf 2200311 @) for some C' >0 depending only on m and Q.
Proof. Consider the space W := {Pfu : u € C* ([0,T]; C2°(Q2)) and u(T,-) = 0} equipped with the
norm || - || 2 7,12 () Now for f € L*(0,T; H(R™)), define a functional T} on W by

T¢(Piu) := ft, z)u(t, z) dedt. (4.9)

R1+n

Now using (4.7), we have that T} is a continuous linear functional on W with
1Tt llw < Cll fIl 2011 ey (4.10)

and hence by the Hahn-Banach Theorem, T} can be extended to L2(0,T; H, *(R")) which will be
still denoted by Ty and satisfy (4.10). Finally using the Riesz representation theorem, there exists
w € L*(0,T; Hi(R")) such that for v € L*(0,T; Hy *(R")) we have

Ty(v) :/ v(t, x)w(t, z) dedt. (4.11)
R1+n
Now combining (4.9) and (4.11) we obtain

/ Piv(t, v)w(t, z) dedt = / v(t,z) f(t, ) dadt, (4.12)
R1+7l

R1+n
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for v € CY([0,T];C(€2)) such that v(T,-) = 0 in Q. This gives us Pyw = f in Q. Since
f e L*0,T; HY(R")) we have w € H' (0,T; L>(R")). Now for v € C' ([0, T]; C°(2)) satisfying
v(T,-) =0, we use the integration by parts to (4.12) to obtain

/ w(0, z)v(0,z) dz = 0.
Q
Hence w(0,-) =0 in Q. Finally we use (4.10) and (4.11) to get

||Tf||L2(o,T;H;2(Q)) - ”w||L2(0,T;H§(Q)) < O||f”L2(0,T;H§(Q))-

4.1. Proof of Theorem 4.1. First observe that
Lag(ev) =e? (Lagw— 2w+ (V, + A)v).
Now using the expressions for vy, B, and L4 4v, = 0, we have that the remainder terms R, solves
PRy = —L4 4B, (4.13)

where Py := e ?L4,e? is the conjugated operator as defined earlier and B, solves the following
transport equation
w-(Vy+A)B,=0.
Hence from (4.13) and Proposition 4.3, it is clear that the remainder term R, satisfies
||Rg||L2(O,T;Hk(Q)) S C)\_1+k||Bg||H3(Q), fOI‘ k c {O, 1,2}

This completes the proof for the construction of exponentially growing solutions to L4 40 = 0.
One can carry out exactly same set of arguments to prove the existence of exponentially decaying
solutions having the form given by equation (4.5) and solution to £% ;v = 0. This complete the
proof of Theorem 4.1. Hence from (4.13) and Proposition 4.3, it is clear that the remainder term
R, satisfies

| Ryl 20,7 1% () < C)\_1+k‘|Bg‘|H3(Q), for k € {0,1,2}.

This completes the proof for the construction of exponentially growing solutions to L4 4,0 = 0.
One can carry out exactly same set of arguments to prove the existence of exponentially decaying
solutions having the form given by equation (4.5) and solution to £% ;v = 0. This complete the
proof of Theorem 4.1.

5. PROOF OF THEOREM 2.1

In this section, we prove the main result on stability for the first and zeroth order coefficients.
But first we derive an integral identity using Green’s formula where we will plug in the geometric
optics solutions constructed before. We simultaneously consider exponentially growing and decaying
solutions to avoid any exponential term or boundary terms at initial or final time. To be precise,
we construct us and v as the exponentially growing and decaying solutions for the operators L4, 4,
and L£_y4, 7, respectively by using Theorem 4.1. Taking 0 < § << 1, (7,§) € R"" with { - w =0
and D(t,x) = A(t,z) := (A1 — Ay) (t,z) we have

uy(t, ) = e?“ (By + Ry) (t,z), (5.1)
and v(t,z) = e " (B + R) (t, ) (5.2)
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where
Bg (t, JT) — 775(t)é_’ X Vx (e—i(tT—i—x-{)e(fR w-A(t,z+sw) ds)) e(fooo w-As(t,z+sw) ds)

B(t, x) e né(t)e(—fooo w‘Al(t7x+5w) dS)
and Ry, R € L*(0,T; H3(Q)) satisfy
IRl 20 7mycep < CATHH673(7,€)® and IR 20,7150y < CAMF§=3 for k € {0,1,2}.  (5.3)

)

Hence, we have for some g > 0
Jus|| 2y < €7073(7,€)°. (5.4)

Also, observe that uy(0,2) = v(T,x) = 0 for z € . Now, consider u; to be the solution of the
IBVP

‘CAlylhw(t?x) =0, (t>x) €Q,
w(0,2) =0, z€f
w(t,x) =us(t,z), (t,x)€ X

and define u := u; — uy in (). Then we get
‘CAMHU’(t? ZE) = 2A(t7 $) ) ku?(tﬂ .I) + a@? I)ILQ(t, l‘), (t, I) S Qa
u(0,2) =0, x€Q (5.5)
u(t,z) =0, (t,xz)€ X
where
Alt, ) = {A (4 2) hcjon = AL(t, ) — Ag(t,2),  q(t,x) == qi(t,z) — @a(t, ) and
Q(t, i’) = q1(ta ZZ') - QQ(t7 'I)
Using Green’s formula, we have

/Q(ﬁAl,qlu)(t,x)U(t,x) dxdt—/

Q
—/u(O,x)E(O,x) dm—/@(t,x)@,,u(t,x) dedt—i—/u(t,x)@Vv(t,x) ds,dt,
Q s

by

u(t, x)L_4, 5,0(t, ) dedt = / w(T,z)o(T, x) dz
Q

which after using (5.5) becomes

2/(A(t,x) - Veug(t, x))u(t, x) dedt +/ q(t, z)us(t, 2)o(t, z) dadt = — / o(t, )0y u(t, x) dS,dt.
¢ ¢ ” (5.6)
We observe from (5.1)

A(t,z) - Vaus(t, o) = e? (\w - A(t, 2) By (t, 7) + m(t, ), (5.7)

for some m € L?(0,T; H'(2)) satisfying the following estimate
M| 2. rmr ) < CA63(7,€)%, for k € {0,1} and A > Xo. (5.8)
An application of the Cauchy-Schwartz inequality together with (5.2),(5.3),(5.7) and (5.8) give us
(A-V,ug) (t,2)v(t,z) = (Mw - A)ByB +n) (t,x) (5.9)
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for some n € L'(Q) satisfying
10|11y < C%(T,€)°. (5.10)
Also from (5.1) and (5.2), it is clear that for A > Ay

‘/Qa(t,x)ug(t,x)@(t,x) dxdt' < 06 5r, )%, (5.11)

Now, we find an upper bound for the right hand side of (5.6) using the boundary Carleman estimate
(3.1). We observe

/E(t,m)&,u(t,a:) dsS,dt = / o(t, z)0,u(t, x) dS,dt —I—/ o(t, z)0,u(t, x) dS,dt

) E_ e/2(wo) ¥4 e/2(wo)

where ¥, (/2(wp) is the part of lateral boundary where we do not have any knowledge of Neumann
measurements. Although the contribution from that part can be estimated by using the boundary
Carleman estimate. Meanwhile for w € S"~! satisfying |w — wo| < §, we have X /2(wp) € 4 (w)
and Y_(w) C X_ /a(wp). Thus, we get from (5.4)

< CePro0(r, )3 Ay — As| (5.12)

_ As—3
H’Ual’uHLl(Z‘,,e/g(wo)) < Ceﬁ 1) Ha’/uHLQ(E,7E/2(w0)) >~

and

_ o 20673
[0l ey < O8Ot ) < e \/ [ e vl as,
+,¢/2(wo)

S

\/ e 2w - v(x)||0,u|?* dS,

<

(||e "L s (Wl + VAl Dl 2w )

Using (3.1), we have

20(5 3
Srenn) = T
Finally using (5.3),(5.4),(5.7) and (5.8), we get

o) < 5 (VA A~ A (5.13)

After dividing the integral identity (5.6) by large A and using Equations (5.7) to (5.13), we obtain

/Q(w - A)(t,7)By(t, z)B(t, x) dxdt' <C (

[70,ul,( (lle® @A Vau + Ga) lrz() + VAl Otll o yim))

H@&/UHLl(

+ P AL — A2||) 6 5(r, €)% (5.14)

VA

Next, we relate the integral in the left hand side of (5.14) with the Fourier-transform of A as is
done in [43].

/(w - A)(t,z)By(t, z)B(t, x) dadt
Q

B R L A A ) R
R1+n
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Now, using the decomposition R” = Rw @ w™, we write  := | + sw such that 2, € w' and denote

flostinn) = [ w Altis + o) d

Using these in the previous equation, we have

/ (- A)(t, 2)Ba(t, 1) B(t, z) dadt
Q

= —/ng(t)/ i . Vz <€wa~A(t,wL+sw) dse—i(tT'i‘sz)) (/ f/(S,t,CL’L)G_f(S’t’xL) dS) d[L‘Ldt
R wt |§| R

where dz | stands for the surface measure on w*. Now using the Fundamental theorem of calculus
and integration by parts, we get

/ (w- A)(t,2) Ba(t, ) B(t, z) dadt
Q

— / ’I’]g(t)/ i -V (ewaA(t,.ri-‘rsw) dse—i(tT—l-sz)) <6(7wa-A(t,1'J_+’LLOJ) du) o 1) dZL‘Ldt,
R wt |£|

= / U?(t)/ efi(t”“{)é -V, (/ w- Atz + sw) ds> dz dt
R wt |£’ R

_ / n2(t) / e‘i(””'@%-Vm(w~A)(t,x) dedt = il¢| / n2(t) / TR, L At 1) dadt.
R n R Rn

Finally, we obtain
[ @ A0 Balt, ) 2) dode = il - A ), (5.15)
Q

where w - £ = 0.

Let us consider the spherical cap Cy, := {w € §" ' |w — wo| < §} and the set H = Uyec,, He
where H,, is the plane passing through origin and perpendicular to w. Now for (7,§) € R x H,
A > Ao and choosing w(§) € Cy, such that w(§)-£ =01in (5.14) and (5.15), we get

~ 1 _
| (0w () - A) ™ (1,6)| < C (— + e Ay — Azll) 67, €)° (5.16)
VA
where 0 denote the partial derivative with respect to the space variable xy for k € {1,2,--- n}.

With the help of (5.16), we aim to establish the desired stability estimate via the Fourier inversion.
Because of the stability result for analytic continuation in Proposition 5.3, it is enough to derive
a uniform estimate for the Fourier transform of n?A over an open cone only. This we do in the
following lemma. We have crucially used the divergence free assumption on A to prove the following
lemma.

Lemma 5.1. If div,(A) = 0 then for (1,) €e R xC and k € {1,2,...,n} we have

oA € < € (= + elh = dall ) 57506 (5.17)

where, C C H is an open cone in R™.
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Proof. For a fixed nonzero { € H and k € {1,2,...,n}, we choose a set of (n—1) linearly independent
vectors from C,, which are perpendicular to ¢ and denoted by {w;(§) }1<i<n—1. Then, consider the
following set of n linear equations

Zw ROAI(1,€) = Gy(r,€), i€ {12, ..n—1}, (5.18)
and Zﬁjnmj(T, ) =0, (since V, - A =0 gives V, - (nj 9A4) =0). (5.19)
j=1

Here, {G;(T, &) }1<i<n—1 are real numbers with a upper bound given by (5.17). Now, consider the
matrix M related to the system of equations (5.18) and (5.19) as follow

1(€)  wi(§) e wi(§)
wy(§)  wi(§) - wh(E)

€l N §

From our assumption of {w;(€)}1<i<n—1, it is clear that M is a non-singular matrix which is homo-
geneous of order zero in . Hence it suffices to restrict the discussion for ¢ € S*~1. Thus we take
some & € S ' NH and see 0 < | det M,|. Now the continuity of determinants readily implies that

for some neighborhood of &, in S*~! say C we have

0 < ¢ <|det M| (5.20)

since the plane H¢ changes continuously as we vary § € CN giving a linearly independent set of
vectors {w;(§)}1<k<n—1 which also depend continuously on . Note here, the constant ¢ > 0 in

(5.20) is independent of £ € C. Now for any > 0 and (7,£) € R x C, using the uniform positive
lower bound for the matrix M in the system of linear equations (5. 18) and (5.19), we get

O (7. r)] < € (s + s - ol ) 5700m 1) (521
where k,j € {1,2,--- ,n}. Define C = U,=orC, which is an open cone in R™. Thus, for (1,€) € RxC,

we get (5.17). O

Lemma 5.2. For R>1 and 6 € (0,7/4), there exist C > 0 and § € (0,1) such that the following
estimate holds

1
< Cef1=9) <—
L=(B(0,R)) — vV

Proof. Fix k € {1,2,--- ,n} and consider the analytic function frj given by

0
+ P AL — A2||> 5T RY. (5.22)

H|§|775

fri(t,x) =n; 8kA(Rt,Rx), for R >0 and (¢,z) € R*™.
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For any multi-index v in R'*" we observe

—

a&x)fm(t,x)‘ — |07, BOCA(RL Ra)| =

/ e e R ()P RN (5, ) (130, A) (s, y) dsdy
R1+n
bl
< / RN (s* + yl*) 2 (n0cA)(s,y) dsdy,
R1+n

o]

<) TRY [ (020:A)(s.0) dsdy
Rl«H'L

Now using diam(2) < T" and apriori bound of A, we have

5 RN
0 st )] < €. (219)F B = (VT T
b 7 !
which immediately gives
!
‘3&@)101%,/%(15,%)‘ < C,eft ! , for (t,7) € R™™ and multi-index 7. (5.23)

- (T—l)lvl
Let us recall a specific variant of analytic continuation results from [5] which states

Proposition 5.3 (Appendix A of [5]). For a real analytic function f in B(0,2) C R%d > 2
satisfying

M{y|!
ol

107 fll o= (B0,2)) < vy e (NU{0})*

we have

11| B0.1) < NoM [ f11G 0 01

where M, p, N, > 0 and U is an non-empty open set in B(0,1). Moreover, § € (0,1) depends only
ond,p and |U]|.

For related results on analytic continuation we suggest the reader to consult [49] and also [57].
Now we appeal to Proposition 5.3 for the function frj where we take (R x C) N B(0,1) as U. Since
fr satisfies (5.23), therefore using Proposition 5.3, we obtain

I Rl om0,y < CeR D | frpcllfoo (mxeynmo.r)):  for some 6 € (0,1). (5.24)
Since || frxl L (B(0,1)) = HngakAH BOR) therefore using lemma (5.1) and equation (5.24), we get
L>(B(0,R

- 1 o 36
29 AH < CeR-0 [ L oA, — Aol ) 679(1 + R
[50A] gy = (5 e = Al ) 97 R

which can be expressed for R > 1 in the following form

_ 1 o
QAH < CeRU-0) [ 2 L B A A 560 30
H|€\775 B o e A= Al

O

Now combining (5.22) and the apriori assumption on the potentials, we establish a Sobolev bound
of A in terms of the partial DN map. The main argument here is to set a comparison between the
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large parameters A and R. Also, we have to choose the small parameter § accordingly. But first we
observe the following estimate

Al = ([ VARG ast)

1
)
= (/ |77 Al (s,y) dsdy+/ !77 Al*(s,y) dsdy>
B(0,R) B(0,R)°

1

S
=

=

<25t / IngAl (s,y) dsdy [ + / |775A| (s,y) dsdy (5.25)
B(0,R) B(0,R)*

N J/
~ N

T1 T2

where the last line uses the convexity of f(z) = xi/ ’. 6 € (0,1). Now Ty can be casily estimated

after using the apriori assumptions for the potentials. We see

15 _/ ’77(514’ (3 y) dsdy
B(0,R)e

L C
< 2 R1+n<T ,€)? |775A| (s,y) dsdy < R2||775A||H1 < it

To estimate 717, we use lemma 5.2 . We break T} into two parts. We consider T} = 171 + T2, where

11 3:/ 3 |77 AP (s,y) dsdy
B(0,R)N{(s,y); ly|<R™ 7}

(5.26)

o P (5.27)
< ||77§A||L00(Rn+1)/ / , dsdy < CR™?
—RJJy|<R™n
and
Tis = / AP (s.y) dsdy
BOR)N(s:9); lyl>R~a
X 00 (5.28)
6
< 62R(179) (ﬁ + eﬂz\HAl . A2”> 57120R60+n+1+;.
Because of the support condition of {ns}s~o, we have
A7 20y < 115 Al 72q) + C9. (5.29)
Taking o = 6 + 246 and combining (5.25)-(5.28), we obtain
Ra 2R(1-0) 1 QB)‘ 2 1 1
HA||L2(Q =0 <512 9 <X T = Al ) g 00
2R(1-6) 2R(1-0)
R RMe™5 202 1 )
<C AL — A2 00 5.30
— . A\§12 ,+\ 512 H 1 2” +(5%R% +\H//_, ( )

I 17 IIT
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We now choose A, 0 and R in a way so that the terms (I), (III) and (IV) in (5.30) are comparable.
That is when

6= LZ and \ = Ro+8+3s 5 (5.31)
Rs
and hence there exists £ > 0 (independent of R) such that II of (5.30) can be bounded by
e Ay — Mg (5.32)
Combining (5.30)-(5.32), it is clear that
A1) < € (o + eI - 8al?). (539
R3e

We now choose R > 0 large enough (which in turn depends on the smallness of partial DN map)
which is R = Llog|log [|A1 — As|||, so that (5.33) becomes

Al ) < € (I1As = As] + (log | log [ A1 — Asf|[) ) (5.31)

We note that, (5.34) can be easily derived for the case when [|[A; — As|| is not so small. This con-
cludes the proof for stability of first order coefficients from the partial DN map.

Now we establish the stability result for the zeroth order term. There will be no zeroth order term
left in (5.6) once we divide it by large A\. So we have to make necessary changes for deriving Fourier
estimates. We explicitly use here the stability result for the first order terms (5.34). We consider
a different exponentially growing solutions for Lg, 4,, whereas the geometric optics for L_4, g, is
same as before which is (5.2). We have

u2(t7 (L’) = e(b(t’w) (BQ + RQ) (t7 ZE)
where
By(t,x) = e rr (1)o7 Astrs2) )
and Ry € L*(0,T; H*(2)) satisfying for k € {0,1,2}
[ R2 | 20,718 () < CATHF6—3(r,€)°. (5.35)

Y

For convenience, we rewrite the integral inequality
2/ (A - Vu)(t,x)o(t, x) dedt +/ q(t, x)us(t, x)v(t, ) dedt = / o(t, )0, u(t, z) dS,dt.
Q Q =
(5.36)
First, we simplify all the terms present in left hand side of (5.36). We observe
Tt 2)us(t, 2)0(t, ) = Ge it (t)e AU 4 B4 VR(t 7) + B(t 2)Ralt, 7). (5.37)
We use Cauchy-Schwarz inequality alongwith (5.3) and (5.35) to obtain
C__
||B2R||L1(Q) + ||BR2||L1(Q) < X(S 3<7', 5)3 (538)
The other term present in the L.H.S of (5.36) is

2(A- Voug)(t, 2)0(t,x) =2 (Mw - ABy 4+ Mw - ARy + A -V, By + A-V,Ry) (t,z) (B+ R) (t,2)
(5.39)
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which is estimated by using the remainder term estimates given in (5.3) and (5.35)
' /Q (A Vo) (t, 2)5(t, 7) dxdt‘ < ON A28, €)°. (5.40)
To estimate the boundary term in the R.H.S of (5.36), we proceed as before and obtain

/Eﬁ(t,x)&,u(t,x) dedt‘ <C <\/§ 60, )3PM|AL — A2|]> (5.41)

Here K is the R.H.S of the boundary Carleman estimate (3.1) applied to L4, 4 for u,

K= / e 2| LA, gul® dodt + )\/ e |w - v(x)||0,ul* dS,dt. (5.42)
Q T (w)

From (5.5) we have, L4, s, u = 2A - V, us + Gus. Hence we see
e La g =2(A-VyBy+ - ARy + A-V,By+ A-V,Ry) + G(By + Ry). (5.43)
Thus, we use (5.35) to obtain
K<C <A2HAHL2 14 ePA — AQHZ) 5-12(r, €0, (5.44)

Combining (5.36)-(5.44), we conclude for (7,£) € R x ‘H

/ e_i(t7+x'§)n§(t)§(t,x) dxdt’
Q

ng(r,6)| =

. (5.45)
< (MMl + 75 + e = Aal ) 00,5

Basically (5.45) gives estimate for the Fourier transform of n2?q over the cone R x H in R*". So
we apply the stability result for analytic continuation as done before to obtain similar estimate
over arbitrary large balls. Mimicing the arguments presented before, we get the following estimate
similar to (5.30)

.2 RY 2R(1-0) 1 1
T < (e ™ (VAR @+ 1+ 21 = M) + =4 51)
6

12 s

o 2R0=0) o 2RO=0) o 2R0=0) 4 gy

e T o 2 R%e g 9 1 1

<C 512 A ||A||L2(Q) + 512 + 512 A1 — Al + 52R2 +\5ﬁ/
TV ~ TV - ~ TV - V
I I 1 v
(5.46)
We choose ¢ and R such that (II),(IV) and (V) of (5.46) are comparable. That is when

0= 1 and \ = R85 25

2
3

n+1

where o = 6 + 2=. Now using the stability result (5.34), we obtain

2 _ . 1
19l £2(q) = © <€HR||Al — Ao + e [log | log | Ay — Ag[]| 7 + e [ A — Azl + RQ) (5.47)
30
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for some constants x > 0 and 1, o > 0. Taking R = £ loglog |log || A1 — Aql||, we get from (5.47)
2
that [|q] 72 has the upper bound

A1 — Ao (log | log || A — Asl|]) 22 + (log | log [| A1 — Ao[]) ™"
+ [|A1 = Ag|]*[log [[A1 — As||| + (loglog [log [[Ay — Asl|]) 37 .

We note that our choice of R related to the smallness of § and largeness of A\. Hence, the estimate
(5.48) is valid only when ||A; — Az|| is small enough. The other case follows easily. Also, we need
smallness of ||A; — Agl| such that the following hold

1A = Aaf|** (log [log [|[ Ay — As[I[) ™ + [|A1 — Al log [ A1 — Aqf]| < C.
Thus for both the cases, we arrive at the following estimate where C, a; and agy > 0
[Tz < € (I1As = Asl| 23 g, + oz [log | Tog | Ay = Asf[| ) (5.49)
Now we want to prove the stability result for q := ¢; — ¢o. We recall
q(t,z) = q(t,x) + V- A(t,x) + (|A1\2 — |A2|2) (t, ).
Hence, we obtain the following
lallz2@) < 2@y + (2m + DAl 20,101 (2))- (5.50)

Since our assumptions on the first order perturbations are more than H'!, we can translate the
L? norm estimates to that of H' using logarithmic convexity for Sobolev norms. Thus there exist
C > 0and # € (0,1) depending only on m and ) so that we have

1Al 1) < CllANZ:q) (5.51)
Using (5.51), the L? stability results in (5.34) and (5.49) in (5.50), we obtain
lgllzz@ < € (I1A1 = Azl + J1og |1og | Tog [[Ar — Asf[[|*)
for some C', B; and 5 > 0. This completes the proof of Theorem 2.1.

(5.48)
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