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1. INTRODUCTION

Let Q C R™ with n > 2, be a bounded simply connected open set with C? boundary. For T' > 0,
let @ := (0,T) x Q and denote its lateral boundary by X := (0,7") x 9€2. We consider the following

initial boundary value problem

(0 = 50 (85 + At 2)) + q(t.2)) ult, 2) = 0, (t.2) € Q
u(0,2) =0, z € Q (1.1)
u(t,x) = f(t,x), (t,x) € X.

Throughout this article, we assume that 4; € WH*(Q) for 1 < j < n and ¢ € L>(Q). Let us
denote by

A(t,z) = (A1(t,x), As(t,x), -, Ay (t, x))
and by

n

»CA,q = at - Z (8] + Aj(tvx))z + Q(tax)'

j=1

Before going to the main context of the article, let us briefly mention about the well-posedness of
the forward problem. Following [14], define the spaces Ky and Hp by

Ko:={fls: feL?(0,T;H(Q))NnH" (0,7; H () and f(0,z) =0, for z € Q}
and Hy = {g|lv: g€ H' (0,T; H'(?)) and g(T,z) =0, for z € Q}.
As shown in [I4] (see also [45]) that for f € Ky, Equation (1.1) admits a unique solution u €
H' (0, T; H Q)N L?(0,T; H(R)) and the operator N4 ,u given by
(Nau,wlg) == / (—udw + Vyu - Vw0 + 2uA - V0 + (V, - A)uw — |APuw + quw) dadt

Q
1
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is well-defined for w € H'(Q) such that w(T,z) = 0, for z € 2. Note that if A, ¢ and f are smooth
enough then Ny 4u is given by

Nagu=(Ou+2(-A)u)|s

where v stands for the outward unit normal vector to d€2 and u solution to (|1.1)). Motivated by
this and [I4], we define the Dirichlet to Neumann (DN) map Aa, : Ko — H% by

Aay(f) = Nagu (1.2)

where #H’. denotes the dual of space Hr and w is solution to (|1.1)) with Dirichlet boundary data
equal to f. Then from ([I4], see Section 2), we have that DN map A4, defined by is continuous
from Ky to Hr.

In the present article we first consider the problem of unique recovery of coefficients A(x) and
q(t, x) appearing in from the information of DN map A 4 , measured on a subset of . It is well-
known [see [53]] that one cannot determine coefficient A(x) uniquely from DN map A4, measured
on ¥ and this is because of the gauge invariance associated with A(z). So one can only hope
to recover A(z) uniquely upto a potential term however the coefficient (¢, x) can be determined
uniquely (see Theorem in §2| for more details). Later as a corollary of Theorem we consider
the problem of determining time-dependent coefficients A(t, z) and ¢(t, =) appearing in from
the partial information of DN map A4 ,. Using some extra assumption on A(¢, z) and Theorem ,
we show that time-dependent coefficients A(t,z) and ¢(¢, ) can be determined uniquely from the
knowledge of DN map A4, measured on a part of ¥ (see Corollary below in §2| for more details).

The initial boundary value problem is known as a convection-diffusion equation with con-
stant diffusion. The coefficients A and ¢ are called convection term and density coefficient re-
spectively. The convection-diffusion equations appear in chemical engineering, heat transfer and
probabilistic study of diffusion process etc.

Determination of the coefficients from boundary measurements appearing in parabolic partial
differential equations have been studied by several authors. Isakov in [33] considered the problem of
determining time-independent coefficient ¢ for the case when A =0 in from the DN map and
he proved the uniqueness result by showing the density of product of solutions (inspired by the work
of [54]) in some Lebesgue space. Avdonin and Seidman in [2] studied the problem of determining
time-independent density coefficient ¢(x) appearing in by using the boundary control method
pioneered by Belishev, Kurylev, Lassas and others see [I], 4, [37] and references therein. In [23]
Choulli proved the stability estimate analogous to the uniqueness problem considered in [33]. In
[25] problem of determining the first order coefficients appearing in a parabolic equations in one
dimension from the data measured at final time is studied. Cheng and Yamamoto in [I6] proved
the unique determination of convection term A(z) (when ¢ = 0 in (1.1])) from a single boundary
measurement in two dimension. Gaitan and Kian [30] using the global Carleman estimate used for
hyperbolic equations [see [12]] proved the stable determination of time-dependent coefficient ¢(t, x)
in a bounded waveguide. Choulli and Kian in [2I] proved the stability estimate for determining
time-dependent coefficient ¢ from the partial DN map. For more works related to parabolic inverse
problems, we refer to [8, 18 19} 20, 22l 23, 25| B0, B34, 85, [46] and the references therein. We also
mention the work of [3, 5, O 11, 27, [41) 42] 43] related to dynamical Schrédinger equation and
the work of [10, 28, 29] [49] 50|, 51] for hyperbolic inverse problems. We refer to [15, 17, [47] for
steady state convection-diffusion equation. Recently Caro and Kian in [I4] established the unique
determination of convection coefficient together with non-linearity term appearing in the equation
from the knowledge of DN map measured on X..
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Inspired by the work of [21], we consider the problem of determining the full first order space
derivative perturbation of heat operator from the partial DN map. We have proved our uniqueness
result by using the geometric optics solutions constructed using a Carleman estimate in a Sobolev
space of negative order and inverting the ray transform of a vector field which is known only in
a very small neighbourhood of fixed direction wy € S"~! := {z € R": ||z|| = 1}. For elliptic and
hyperbolic inverse problems these kind of techniques have been used by several authors. Related
to our work, we refer to [13] 26] for the elliptic case and to [6l [7, 32], B36], 38 B39, 40, [44] for the
hyperbolic case.

The article is organized as follows. In §2|we give the statement of the main result. §3|contains the
boundary Carleman estimate. In §4] we construct the geometric optics solutions using a Carleman
estimate in a Sobolev space of negative order. In §5] we derive an integral identity and §6] contains
the proof of main Theorem [2.1] and Corollary

2. STATEMENT OF THE MAIN RESULT

We begin this section by fixing some notation which will be used to state the main result of this
article. Following [13] fix an wy € S"! and define the wy-shadowed and wy-illuminated faces by

OVt i ={x€0Q: v(r) wy>0}, IV :={xe€d: v(r) wy <0}

of 02 where v(x) is outward unit normal to J2 at x € 992. Corresponding to 9y ,, we denote the
lateral boundary parts by X4 ,,, := (0,7) x990 ,,. We denote by F' = (0,T)x F" and G = (0,T)x G’
where F" and G’ are small enough open neighbourhoods of 02, ,,, and 0€2_ ,, respectively in Of).
Since € is bounded and T' < oo, so we can choose a smallest R > 0 such that Q C B(0, R) where
B(0,R) C R'™ is a ball of radius R with center at origin. Now we define admissible set .A of vector

fields A(t, z) appearing in (1.1) by
1
— 1,00 . <
A: {A eW-2(Q): Al < 9R}' (2.1)

We first prove the uniqueness result for time-independent convection coefficient A € A and time-
dependent density coefficient q. More precisely we prove the following theorem:

Theorem 2.1. Let (A(1>, ql) and (A(2>, q2) be two sets of coefficients such that AY € A are time-
independent and q; € L>®(Q) for i = 1,2. Let u; be the solutions to (L.1) when (A,q) = (A(i),qi)
and Ay 4, fori=1,2 be the DN maps defined by (1.2) corresponding to u;. Now if

At g (Nle = M@ 4, (Nla, for f e L?(0,T; H(09)) (2.2)

then there exists a function ® € W™ (Q) such that

AW(z) — AP () =V, D(z), z€Q
and
ql<tax) = q2(t7$)7 (ta .’ﬂ) € Q
provided AM (x) = A®)(x) for x € 09.
In Theorem if we take some extra assumption on convection term A® then we can prove

the uniqueness result for full recovery of A® even for the case when A® € A for i = 1,2 are
time-dependent. The precise statement of this is given in the following Corollary.
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Corollary 2.2. Let (A(l),ql) and (A(2),q2> be two sets of time-dependent coefficients such that
AW e A and ¢; € L=(Q) for i = 1,2. Let u; be the solutions to (I.1)) when (4, q) = (A(i),qi) and
Ay g, fori=1,2 be the DN maps defined by (1.2) corresponding to u;. Now if

Ve - AD(t,2) =V, - AD(t,z), (t,x) € Q (2.3)

and

A g (Dle = Ma@ g (Ple, f€ L (0,T; H?(09))
then we have

AWt z) = AD(t, ) and ¢ (t,z) = ¢o(t, x), (t,2) € Q
provided AN (t,z) = A®(t,x) for (t,x2) € X.

Remark 2.3. The additional assumption (2.3) on convection term A®) in C’orollary have been
considered in prior works as well. See for example [9, 24] for the determination of vector field term
appearing in the dynamical Schriodinger equation and also in [14] for non-linear parabolic equation.

3. BOUNDARY CARLEMAN ESTIMATE

In this section we prove a Carleman estimate involving the boundary terms for the operator L4 ,.
We will use this estimate to control the boundary terms appearing in integral identity given by
(5.9) where no information is given.

Theorem 3.1. Let ¢(t,7) = At + Mw -  where w € S"~! is fived. Let u € C*(Q) such that
u(0,2) =0, forxz e Q and u(t,x) =0, for (t,x) € X.
If A€ A and q € L=(Q) then there exists C > 0 depending only on ,T,q and A such that

)\2/ e_2¢|u(t,x)|2dxdt+/ 6_2‘”]qu(t,x)|2dxdt+/e_gw(T’x)|u(T,x)]2dx
Q Q Q

+ )\/ e 2|0, u(t, z)}w - v(x)|dS,dt < 0/6_2“’|£A7qu(t, r)|2dxdt
E+’w

2 (3.1)
+CA / e 2|0,u(t, z)? |w - v(x)|dS,dt
2.
holds for X\ large.
Proof. Let
Ly, :=e PLyqe*? (3.2)
and denote by
q(t,x) == q(t,r) — V- A(t,z) — |A(t, z) %
Then
Loo(t,x) =e % (0, —A—=2A(t,z) -V, +q(t,x)) (e?v(t, x))
= (0 — A =2V, - Vo) u(t, 2) + (9o — |Vap|* — Ap) v(t, z) (3.3)

—2(A(t,x) - Vi —2A(t,x) - Vo) v(t, x) := (Prv + Py + Pyo) (t, x)
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where
Py = —-A+ 00— Vo> — Ap = —A

Psy = =2A(t,x) -V, — 2A(t,z) - Voo + q(t,x) = =2A(t,x) - V, — 2 w - A(t, x) + q(t, x).
Now let

1
[ = / L on(t, ) Pdadt > / (P, + Py) o(t, 2)[2dadt — / Poa)fdedt =L~ (g5

where

1
1= /](Pl + Py)v(t, x)|*dedt and I := /|P3v(t, z)[Adzdt.
Q
Next we estimate each of I; for j = 1,2. Now I; is

1 1
h=j [Pl + ;5 [ Palta)Pdedt+ [ Pt o) Pt ot
Q

We consider each term separately on right hand side of the above equation. Using integration by
parts and the fact that v|y, = 0, we have

1
/|va(t,m)|2dmdt = —/v(t,m)Av(t,x)dxdt < 2—S/|Av(t,x)|2dxdt—|—g/|v(t,x)|2dxdt
Q

Q Q
holds for any s > 0. Thus we have
/]Plv(t,x)\zdxdt > 23/\Vv(t,x)\2da:dt - SQ/IU(t,a:)\Qdardt. (3.6)
Q
Following the proof of [2I, Lemma 3.1] we have
144\
2 > 2
/ Pyt )P dndt > 22 / (¢, ) [Pdedt (57)
Q

where R > 0 is the radius of smallest ball B(0, R) C R'*" such that Q C B(0, R). Now consider

2/ P(t,z) Pow(t, z)dzedt = —Q/Av(t x)0p(t, x)dzdt + 2/\/Av(t,x)w - V,o(t, x)dzdt
Q
Q

(3.8)
/|VvTx]dx+)\/w v(2)|0,v(t, x)|?dS,dt.
s
Combining Equations ,- and . we get
L > s/|Vv(t,:v)|2dxdt— %2/]1)(1%,:0)|2dxdt+ 1;2222 /\v(t,x)]Qd:cdt
(3.9)

+3 [ IV 5 [t s
Q

2



6 SAHOO AND VASHISTH

Next we estimate Is.

I < / [(~24(t.2) - ¥, — 20w+ A(t.2) + (0, 2) ot )| dwcs
Q

(3.10)
< 2||§||§O/|v(t,x)|2dxdt+8>\2HA||§O/|v(t,x)|2dxdt+8||A||§o /|Vv(t,x)|2dxdt.
Q Q
Q

Using (3.9) and (3.10)) in (3.5) we get
144)°

2
2 S 2 2
I> 3/|va(t,x)\ dxdt — §/|fv(t,x)\ dxdt + RVE /]v(t,x)| dxdt
Q Q Q

45 [I9a@aPas + 5 [ o v oPas.de - 20l [ [0 Pdeds
Q » Q@
_8>\2||A||zo/|v(t,$)|2dIdt—8||A||C2,O/|va(t,x)|2dmdt.
Q
Q

S (LEAN 8 e g 2dzd 8142 [V 2dzd
2 | 5o 5 4115 JA[Z, ) [ |o(t, 2)|*dadt + (s — 8||All%) [ |Veu(t, 2)[*dadt
Q Q

+ % /’vIU(T7 x)[Pdz + % /w ~v(z)|0,v(t, z)?dS,dt.
0 5

1

55> therefore taking A large enough and using the Poincaré inequality, we have

Now since [|A||oo <

/|£¢v(t,x)|2dxdt > C(A2/|v(t,x)|2dxdt+ /|Vzv(t,x)|2dxdt
¢ ¢ ¢ (3.11)
+ % / |o(T, z)Pdz + A / w - v(x)|d,v(t, x)]QdSzdt>

)

3

holds for large A and C' > 0 depending only on @, A and ¢. Now after substituting v(t,z) =

e ?EMy(t, x) in (3.11), we get

)\2/ 62‘p|u(t,x)|2dxdt+/ e2@]Vmu(t,x)|2dxdt+/eQW(T’x)|u(T,x)]2dx
Q Q Q

+ )x/ e *|0,u(t, z)*|w - v(z)|dS,dt < 0/62“"|£A,qu(t,x)\2dxdt
St
Q

+CA / e 2|0, u(t, 2)|* |w - v(x)|dS,dt.

2

This completes the proof of Carleman estimate given by (3.1)). U
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4. CONSTRUCTION OF GEOMETRIC OPTICS SOLUTIONS
In this section, we construct the exponentially growing solution to
Laqu(t,z) =0, (t,2) € Q
and exponentially decaying solution to
Ly u(t,z) =0, (t,r) €Q

where L7, | given by

Lyy=—0,—Y (05— Ajt,x))° + 7 (t,x)
j=1
is a formal L? adjoint of the operator £4,. We construct these solutions by using a Carleman
estimate in a Sobolev space of negative order as used in [26] for elliptic case and in [39) [44] for
hyperbolic case. Before going further following [39] we will give some definition and notation, which
will be used later. For m € R, define space L? (0,T; H{"(R")) by

L2(0,T; H(R")) := {u(t, N eS ®RY: (N[t €) e L?(Rn)}
with the norm .
Il gy = [ 2 1) e €) P
0 R™

where S’ (R™) denote the space of all tempered distribution on R™ and (¢, £) is the Fourier transform
with respect to space variable x € R™. We define by

(Do A" = Fy { (02 + 1) Fou}

here F, and F,! denote the Fourier transform and inverse Fourier transform respectively with
respect to space variable z € R™. With this we define the symbol class ST*(R") of order m by

ST(R™) := {C,\ € C*(R" xR") : |8§8£’BC,\($,§)| < Cop (N 4+ |§|2)m7|m , for multi-indices a, § € N"} :
With these notations and definitions, we state the main theorem of this section.

Theorem 4.1. (1) (Ezponentially growing solutions) Let L4, be as defined above. Then for A
large there exists v € H' (0,T; H'(Q)) N L*(0,T; H'(Q)) a solution to

ﬁA:qU(tvx) - 07 <t7x) S Q)
v(0,2) =0, x € Q

of the following form
vy(t ) = e¥ (Bg(t, )+ R,(t,z, A)) (4.1)
where for x € C*((0,T)) arbitrary, we have
By(t,x) = x(t)e Tt exp (/000 w- Atz + sw)ds) (4.2)

and Ry(t,x, \) satisfies the following
R,(0,z,\) =0, forxzeQ and ||R9||L2(0,T;H§(Rn)) <C. (4.3)
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(2) (Exponentially decaying solutions) Let L% , be as before. Then for A large there exists v €
H' (0, T; HY(Q)) N L? (0, T; HY(Q)) a solution to

{ hgu(tr) =0, (1.2) € Q.
v(T,z) =0, z €Q
of the following form
valt, ) = e* (Bd(t, ) + Ry(t, z, A)) (4.4)
where for x € C*((0,T)) arbitrary, we have

By(t,z) = x(t) exp ( — /OOO w- Atz + sw)ds) (4.5)

and Ry(t,z, \) satisfies the following

Ry(T,z,\) =0, forxzeQ and ||Rd||L2(o,T;H; <C. (4.6)

(R™))

Proof of the above theorem is based on a Carleman estimate in a Sobolev space of negative order.
To prove the Carleman estimate stated in Proposition [4.2 we follow the arguments similar to one
used in [26], 39, [44] for elliptic and hyperbolic inverse problems.

Proposition 4.2. Let ¢, A and q be as in Theorem[3.1. Then for X\ large enough, we have

(1) (Interior Carleman estimate for L7 ) Let L := e¥L% ™%, then there exists a constant
C > 0 independent of A\ and v such that

||U||L2(0,T;L2(R”)) S C”ﬁ;UHLQ (O,T;Hgl(]R"))’ (47)

holds for v € C*([0,T]; C(Q)) satisfying v(T,x) =0 for x € Q.
(2) (Interior Carleman estimate for L, ) Let L, be as before then there exists a constant C' > 0
independent of X and v such that

1] 220,722y < C||£sov||L2(o,T;H;1(Rn)) (4.8)
holds for v e C'([0,T]; C*(Q)) satisfying v(0,2) =0 for x € Q.
Proof. (1) (Proof for (4.7)) Since
L, =e"L e

therefore we have
Liv= e“’( — 0y — A+ 2A(t,x) - V. + ¢ (¢, x))e’“”v(t, x)

= [— Oy — A+ 2A(tx) - Vi + G (t,x) — 2 w - A(t, z) + 2)\w - Vx]v(t,x)

where
¢(t,x) =q(t,z) + V, - Alt,z) — |A(t,z)>.
Writing L7, as
Lov:=Plv+ Pyv+ Pjv
where

Pri=—-A, P :=—-0;+2\w -V, and P; :=2A(t,z) -V, — 2 \w - A(t,z) + ¢"(t, x). (4.9)
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Now from (3.4), we have P = P, and P; = —P,. Hence using the arguments similar to
Theorem |3.1|, we have

/|Vv(t,x)|2d:17dt+)\2/|v(t,x)|2dxdt < C’/Q|£;v(t,a:)|2dxdt
Q Q

for some constant C' > 0 independent of A and v. The above estimate can be written in
compact form as
||U||L2(0,T;H;(1R")) < C|Lvllr2(q), for some constant C' independent of A and v. (4.10)

Next using the pseudodifferential operators techniques, we shift the index by —1 in the
above estimate. Let us denote by € a bounded open subset of R” such that Q C Q. Fix
w € C ([0, T]; C=(Q)) satisfying w(T,x) = 0 and consider the following

(D, APy + Py){(Dy, Mw.
Using the composition of pseudodifferential operators [31, Theorem 18.1.8] we have
(Do, \) "N (Pf + P3)(Dy, Nw = (Pf + P)w. (4.11)

Using (4.11)) and (3.9) we have
(P + P5)(Ds, )‘>w”L2(0,T;H;1(Rn)) = (D2, \)TH(PF + P)(Ds, ANwll 20,7512 @)

(4.12)
= [[(P} + Py)w| 20,1502 = VIVl 20,12 @ny) + Mwll 20702

holds for A large. Now consider
IP5Das Ay < 2 (10 A DD Nl 1100
+ ||A(t, x) - V(D,, A}wHLQ(QT;H;l(Rn)) + H@"‘w[|L2(O’T;HA_1(Rn))).
Using the boundedness of the coefficients, we have
15 (Dzs Ml 20 o ) < 2()‘HAHOO||w||L2(O,T;L2(R"))
+ [[Allo [Vl 20,72 @)y + ||q~||00||w||L2(0,T;L2(R”))>-
Hence using the inequality as used in we get
1£5(D, )\)wHL2<07T;H;1(Rn)) > CHw”LQ(O,T;Hi(JR"))'

Now let x € C>°(2) such that y = 1 in Q; where  C Q; € Q. Fix w = x(D,\)"'v in the
above equation and using

|Q

11 =)D, \) 0l 20,17 @)y < 5101l 20,2y

>
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and
||U||L2(0,T;L2(Rn)) = ||<D7)\>_1U||L2(0,T;H§(Rn))
< wll g2 0,251 @ry) + (1 = X)(D, /\>_1U||L2(0,T;H§(Rn))
< [lwllz2 0,151 mmy) + ﬁHUHLQ(o,T;L?(Rn))
we get
C
||£<>;U||L2(0,T;H;1(Rn)) = HE;<D’)‘>w||L2(0,T;H;1(Rn)) - ﬁHUHLQ(O,T;LQ(R"))

C

2 [[wllzzorm@n) = y5lvlzomezen) 2 Cllvllaorze)
for large A. Thus finally, we have
||U||L2(O7T;L2(Rn)) S CH’C*@U”Lz(O,T;H;l(Rn))

holds for v € C* ([0, T]; C°(£2)) such that v(T,z) = 0 and X large.
(2) (Proof for (4.8))) follows by exactly the same argument as that for (4.7]).
0]

Proposition 4.3. Let ¢, A and q be as in Theorem[3.1]

(1) (Ezistence of solution to La, ) For A > 0 large enough and v € L*(Q) there exists a solution
we H' (0, T; H Q)N L*(0,T; H(Q)) of

Lou(t,xz) =v(t,x), (t,x) € Q,
u(0,z) =0; z €

and it satisfies
HUHLQ(O,T;Hl(Q)) S CHUHLQ(Q) (413)

where C' > 0 is a constant independent of \.
(2) (Ezistence of solution to L% ) For X > 0 large enough and v € L*(Q) there exists a solution
we H (0, T; HY(Q)NL2(0,T; HY()) of

Liu(t,r) =v(t z), (t,r) € Q,
uw(T,x) =0, v €Q
and 1t satisfies
[ull 20,711 (2)) < Cllvll 2@ (4.14)
where C' > 0 s a constant independent of \.

Proof. We will give the proof for existence of solution to £4 4 and the proof for £ , follows by
using similar arguments. The proof is based on the standard functional analysis arguments.
Consider the space S := {Liu : u € C*([0,T];C*(2)) and u(T,z) = 0} as a subspace of
L?(0,T; Hy'(R"™)). Define the linear operator 7 on S by

T(L2) = /Q St 2)o(t, 2)dtdz, for v € LX(Q).
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Now using the Carleman estimates (4.7)), we have
IT(LoA) < 2z llvlizz@) = Clivllez@ €621 2 0,7, ey

holds for z € C* ([0, T); C°(2)) with z(T,z) = 0. Hence using the Hahn-Banach theorem,
we can extend the linear operator T to L2 (O, T, H, 1(]R”)). We denote the extended map as
T and it satisfies

1T < Cllvll2@)-

Since T is bounded linear functional on L* (0,T; H; '(R")) therefore using the Riesz repre-
sentation theorem there exists a unique v € L?(0,T; H; (R")) such that

T(f)=(f, u>L2(O,T;H;l(R")),L2<O,T;H§(R")) for f € L? (07T§ HA_l(Rn)) (4.15)

with ||l p20,mm1 ®ny) < Cllvllzeg). Now for z € C* ([0, T]; C(Q?)) satistying 2(T,z) = 0.
Choosing f = L7z in the above equation, we get L,u = v. Using the expression for
L, from and the fact that w € L*(0,T; H' () and v € L*(Q), we get that du €
L*(0,T; H'(Q)). Hence we have u € H' (0,T; H'(Q)) N L* (0, T; H'()).

Next we will show that u(0,r) = 0 for x € . To prove this we choose f = L}z where
z€ CH([0,T];C(Q)) and z(T, ) = 0. Using this choice of f in (4.17), we have

/E;z(t, z)u(t, z)dzdt = /z(t, x)v(t, z)dxdt.
Q Q
Now using integration by parts and the fact that L,u = v, we get

/u(O,x)z(O, x)dz = 0.
0

The above identity holds for any z € C* ([0, T]; C>°(Q2)) satisfying z(T,z) = 0. Therefore,
we conclude that u(0,x) = 0 for x € 2. This completes the proof of first part of Proposition
4.9 .

O

4.1. Proof of the Theorem . Using expressions v, and B, from (4.1)) and (4.2)) respectively
and

Laqvy(t, ) =0,
we have the equation for R, is
LoRy(t,x,\) = —L4,By(t, x),
where £4,B,(t,z) € L*(Q). Next using Proposition [4.3] there exists R, € L?(0,T; H'(Q)) N
H'(0,T; H*(Q)) solution to
{ LR (t,x,)) = —La,By(t,7), (t,2) € Q,
R,(0,2,A\) =0, z € Q
and it satisfies the following estimate
| Ryl 20,7511 0)) < C

where (' is a constant independent of A. This completes the construction of solution for £4 ,u = 0
and existence of the solution for £ v =0, follows in a similar way.
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5. INTEGRAL IDENTITY

This section is devoted to proving an integral identity which will be used to prove the main result
of this article. We derive this identity by using the geometric optics solutions constructed in §4]
Let u; be the solutions to the following initial boundary value problems with vector field coefficient
A® and scalar potential ¢; for i = 1, 2.

L4 gui(t,z) =0, (t,z) € Q
u;(0,2) =0, x € Q (5.1)
wi(t,x) = f(t,x), (t,x) € .

Let us denote
u(t,x) = (ug — ug) (¢, )
A(t,l’) (14(1 A )) (t,l’) = (Al(tv‘r)a 7An(t7x))
Gt z) = =V AD(t,z) — |AD(t, 2)|* + q(t, x) (5.2)
q(t,z) = q(t,x) — ¢t x).
Then w is solution to the following initial boundary value problem:
£A(1)7q1u(t7 l’) - 2A(t7 ZL') ’ vmu2(t7 ZL') + au2(t7 ZL’), (ta l’) S Q

u(0,2) =0, z € (5.3)
u(t,z) =0, (t,x) € .

Let v(t, x) of the form given by be the solution to following equation

Liw g, v(tx) =0, (tz) €Q. (5.4)
Also let uy of the form given by be solution to the following equation

L@ gnu2(t,r) =0, (t,2) € Q. (5.5)
Since the right hand side of lies in L?*(Q) therefore using (|23], Theorem 1.43) we have u €
L2(0,T; H*(Q) N H' (0, T; L*(Q)) and d,u € L* (0, T; H/*(X)) . Next consider the following

< (Mg g — Mac ) (f),v|z> = <NA(1)7q1u1 —NA(2>,q2U2,U|z>

MWy Hr My Hr
= / (—ulaﬁ + Vg - Voo + 20, AV -V, 0+ (V- A(l))uﬁ — |A(1) Puyv + qluﬁ) dzdt
Q
— / (20,0 + Vs - V0 + 2usA® - V0 + (V- AP uot — |A? Pugv + gaust) dadt.
Q
After following the arguments used in [[I4], see Proposition 2.3|, we get that

< (Mg g, — Aa2r gy) (f),v|g / (2A(t, ) - Vaus(t, z) + q(t, x)us(t, x)) v(t, x)dxdt.

Q
(5.6)
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Also multiplying (5.3|) by 7(¢, x) and integrating over @), we have

/(2A(t, x) - Vaus(t, x) + q(t, x)us(t, z)) v(t, x)dzdt = /ﬁA(l)’qlu(t, x)v(t, z)dxdt
Q Q

:/ (t, x),CA(I) (t,x)dxdt—/8yu(t,x)v(t,x)d5$dt+/u(T, z)v(T, z)dz

Q s 0

where in deriving the above identity we have used the following: u|s = 0, u|;—¢ = 0 and A = A®)
on Y. Now using Equation (5.6) and the fact that £* (t,:c) =01in @, with v(T,z) = 0 in €,

AW g
we get,
< (Aai g — Apar ) (), U|E> S / d,u(t, z)u(t, 2)dS,dt. (5.7)
MW Hr
This gives us
(AA(1)7ql — AA(z)’q2> (f)’g = —&,ulg. (58)
Using (2.2)), we have d,u|g = 0. Finally using Equations (5.7)), (5.8) and d,u|¢ = 0, in (5.6)), we get
/(2A(t,az) - Vaus(t, x) + qt, v)us(t, x)) v(t, z)dedt = — / Oyu(t, z)v(t, z)dS,dt. (5.9)
Q \G

Next we need to estimate the right hand side of above equation. This we will do in the following
lemma:

Lemma 5.1. Let u; for i = 1,2 solutions to (5.1) with us of the form (4.1). Let u = uy — uy and
v be of the form (4.4)). Then

‘ / dyult, :c)v(t,x)dedt) < CA\Y?
S\
for allw € S"™! such that |w — wo| < e.

Proof. Using the expression of v from (4.4)), in the right-hand side of (5.9), we have

(5.10)

| [ otteptaasa] < | [ autt.pe ) (Bt o) + Fatt,n)) ds.ce]
e \G

gc(1+||Rd||§2(E)) / =2t u(t, 2) |2dS, dt

@
<C (]. + ||Rd||L2(0,T;H1(Q))) / 6_2L’D(t’w)|@VU(t, l’)|2d8zdt
\G

where in the last step of above inequality we have used the trace theorem. Now using Equation

,Weget
/autx ta:det‘<C/ P09 u(t, ) > dS,dt.

\G I\G
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For € > 0, define
0V e ={r€d:v(x) w>ctand Xy ., :=(0,T) X 004,

then from the definition of G it follows that ¥\ G C X, ., for all w with |w — wy| < e. Using this
we obtain

/e‘zw(t’x)]&,u(t,a:)]Qdedt§ / e~ 2|9 u(t, ) 2dS,dt

E\G E+,£,w
1
= / Aee 22019 u(t, 2)|2dS,dt, for w € S"! near wy € SV
£
E+,e,w
Now Xe < 9,p(t, ) for (t,2) € ¥, ., and w € S"! with |w —wy| < e. Using this in above equation,
we get
1
/ DGt ) PAS.dt < / Do 290 0, u(t, 2)2dS,dt,
£

E\G E+,€,w

for w € S" near wy € S"!. Now using the Carleman estimate ([3.1)) and Equation (5.3)), we get

- 2
‘ / 8Vu(t,x)v(t,x)d5$dt‘ < oA / e~ 20D |(2A(, ) - Vaua(t, ) + §(t, z)us(t, 2))|*dzdt.
\G Q

(5.11)
Using expression for us from (4.1)) and Equation (4.3]), we have
/ 200D (2A(t, ) - Vus(t, 7) + (¢, 2)us(t, ) Pdadt < CA2.
Q
Hence using this in (5.11]), we get
‘ / yul(t, a:)v(t,:c)dedt‘ < CAY2, for w € S"! such that |w — w| < e
S\G
This completes the proof of lemma. 0J

6. PROOF OF THEOREM [2.1] AND COROLLARY

In this section, we prove the uniqueness results. Since from ([5.9)), we have

/(2A(t, x) - Vyus(t,x) + q(t, 2)us(t, z)) v(t, z)dedt = — / dyu(t, z)v(t, z)dS,dt.
Q \G

Now using Equation (5.10)), we have

’ /(2A(t,x) - Veus(t, ) + qt, x)us(t, x)) v(t,x)dxdt) < ONV2,
Q
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After dividing the above equation by A and taking A\ — oo, we have

lim %/(QA(t,x) - Veue(t, ) + qt, x)ug(t, x)) v(t, z)dzdt | = 0. (6.1)

A—00
Q

Next using the expression for uy and v from (4.1) and (4.4]) respectively, we have

/w - A(t, 2) By(t, x) Ba(t, x)dzdt = 0, for all w € "' such that |w — wp| < e.
Q

This after using the expressions for By(t, ) and By(t, x) from Equations (4.2) and (4.5]) respectively,
we get

/w CA(t )P (e exp | — /w Aty + sw)ds | dedt = 0, (6.2)
Q 0

for w € S"! with |w — wy| < €. Since the above identity holds for all y € C°(0,T), therefore we
get

/w At z)(z)e T exp | — /w CA(t, x4+ sw)ds | de =0 (6.3)
Rn 0

where £ - w = 0 for all w with |w — wy| < e. Now decompose R" = Rw ¢ w' and using this in the
above equation, we have

/e_’f'k /w-A(t,k‘—i—Tw)exp —/w-A(t,k:—i-Tw—l—sw)ds dr | dk =0, for w with |w — wy| <€
wl R 0

here dk denotes the Lebesgue measure on w®. After substituting 7 4+ s = 3, we get

/e_’f'k /w Atk 4+ Tw)exp | — /w Atk + sw)ds | dr | dk =0, for w with |w — wp| < e.

wl R T

(6.4)

Now

/e_ig-k /w Atk + Tw) exp —/w Atk + sw)ds | dr | dk

wi R T
—itk 0
=[e 5P|~ [w A(t, k + sw)ds | drdk
wt R 4 T
= [e®F[1—exp | — /w At k4 sw)ds dk.
wt R
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Combining this with (6.4]), we get

/w-A(t,k—i—sw)ds—O, for k € wh with |w — wy| < e.
R

Now using the decomposition R” = Rw @ w™ in the above equation, we get

/w At x4+ sw)ds =0, for z € R" with |w — wp| < e. (6.5)
R
Thus we have the ray transform of vector field A is vanishing in a very small enough neighbourhood

of fixed direction wy. In order to get the uniqueness for vector field term A, we need to invert this
ray transform which we will do in the following lemma:

Lemma 6.1. Letn > 2 and F = (Fy, Fy, -+ , F,,) be a real-valued time-dependent vector field with
F; € C(Q) for all 1 < j <n. Suppose for each t € (0,T) we have

IF(t,z,w) = /w -F(t,z 4+ sw)ds =0
R

for all w € S with |w — wy| < €, for some € > 0 and for all x € R™. Then for each t € (0,T)
there ezists a ®(t,-) € C(Q) such that F(t,x) = VO (t, ).

Proof. The proof uses the arguments similar to the one used in [44] 48, [52] for the case of light ray
transforms. We assume that ¢t € (0,7") is arbitrary but fixed. We have the ray transform of F' at
x € R™ in the direction of w € S is given by
IF(t,z,w) = /w - F(t,x 4 sw)ds.
R

Now let 1 := (91,72, -+ ,7.) € R"™ be arbitrary and denote w := (w!,w?, -+ ,w") € S*"!. Then we
have

(- V) IF(tz,w) =) /winjajﬂ(t,x + sw)ds. (6.6)
ij=1g
Since I’ has compact support therefore using the Fundamental theorem of calculus, we have
d
/g(n - F)(t,x 4+ sw)ds =0

R
which gives

Z /winj@-Fj(t, z + sw)ds = 0. (6.7)

=13
Subtracting (6.7) from (6.6]), we get

Z /winjhij(t, z+ sw)ds =0, for z € R” and w € S*! near a fixed wy € S*! (6.8)
R

ij=1
where h;; is an n X n matrix with entries
hij(t,x) = (0;F; — 0;F;) (t,x), for 1 <i,j <n.
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Define the Fourier transform of 77", w'n;hi;(t, z) with respect to space variable x by
Z winj/ﬁij(t7£) = Z /winjhij(tv'r)eig.xdxv f € R".
i,j=1 t,j=lgn
Now decomposing R” = Rw @ w* and using , we get
Z winjﬁij(t, £) =0, for all n € R, ¢ € w' and w near wy. (6.9)
ij=1
The goal is to prove that Eij(t, £) =0, for £ € wt with w near wy and for each ¢t € (0,T). From the
definition of h;;(t,€), it is clear that

/H”(t,g) =0 and ?lm(t,f) = —ﬁji(t,€>, for 1 < Z,j <n.
For n = 2, equation [6.9 gives us
(w'ny — w2771)ﬁ12(t,€) =0, for n € R?, ¢ € w" and w near wy. (6.10)
0

Now choosing 7 = (ws, —w;) € w* in (6.10]), we get /leg(f) = 0. Next we show that /f;ij(t,f)
when n > 3. Let {e; : 1 < j <n} be the standard basis for R™ where e; is is given by

€j = (0707 707\ 1 ,707”' 70>
jth
and for simplicity we fix wo = €1. Now let {y = e2 be a fixed vector in R™. Our first aim is to show
that hw(fo) =0, for all 1 <i,5 < n, then later we will prove that h,j (t,§) =0for 1 <i,j <n and
& near &. Followmg [44], consider a small perturbation wy(a) of vector wy = e; by

wo(a) := cosaey + sinaey, where 3 < k < n.

Then we have wp(a) is near wy for a near 0 and &, - wyp(a) = 0. Hence using these choices of wp(a)

and 7 = ¢; in, we have
cos aﬁlj(t, &) + sin aﬁkj(t, &) =0, for 1 <j<n, 3<k<nanda near 0.
This gives us
/lej(t,fo) =0, ﬁkj(t,fo) =0, for1<j<n,and 3 <k <n.
After using the fact that Ezj = —/f;ji for 1 <i,5 <n, we get
hij(t, &) =0, for 1 <i,j <n.

Next we show that ﬁij (t,€) = 0 for £ € wt with w near wy. Using the spherical co-ordinates, we
choose ¢ € S" ! as follows

€' = sin ¢ cos ¢,
£ = cos ¢,

€3 = sin ¢y sin ¢ cos ¢

"1 = sin ¢ sin ¢y - - - sin ¢,y cos @

" =sin ¢y sin ¢y - - - sin ¢, o sin 6.
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Let A be an orthogonal matrix such that A{ = ey, where A is given by

oet €% o . o
3¢11 8¢>21 3%1 0p1
3 § & &
a3 a32 as3 T a3n
A— : . : . : ) (6.11)
(751 a2 k3 Tt Qkn
Ak4+11 Ak+11 Ak+13  °° Qk+1n
an1 An2 an3 e Ann

Now choose
N o€l 2 3 n
oo (L2200 g
0p1” 0¢1” 0y O,
then w is near wy = e; when ¢;’s and 6 are close to 0. Next choose wy(a) = cosae; + sinae; with
[ # 2, then wop(a) is close to e; when a is close to zero. Now define w(a) by

COS @ COS (1 COS P + a1 sina
—cosasin @, + apsina
w(a) := ATwy(a) = _

COS @ COS ¢ Sin ¢ - - - sin ¢, _9 cos 6 + a;, sina

Then we have w(a) is close @ for a near 0 and @ is close to wy when ¢; and 6 are close to zero. Also
we can see that w(a) - & = ATwy(a) - € = wy(a) - AE = wp(a) - ex = 0, hold because of the choice of
wo(a). Hence using these choices of w(a) and choosing 17 = e; in (6.9)), we have

cosa (Z 96, Z](t §)> +sina (Zah i (t f)) =0, forl < j <n and a near 0.
=1

Now since sina and cos a are linearly independent, therefore we get

285 hij(t,6) =0, forall 1 <j<n

(6.12)
Zahltf—o forall 1 <j <mnandl # 2.
Above equations can be written as
ot o e e\ [ha(t€)
01 0p1 0p1 991 n
asy aszz asg - Gz oy (£,€)
h3j (t7 5)
k1 Qg2 O : =0. (6.13)
Ak+1,1 Qkg+12 Ag4+1,3 *°° QAk+in :

an1 an2 (n3 te Qpp - /};nj <t7 5)
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Now let us define matrix B and a n-vector h; as follows:

Lo - h;(t,€)
1 1 1 1
a3y a32 as3s3 s a3n 223‘ (t, § )
) h3j (ta é)
B=1 an e ws -  an |ondbt§)= :
ag+1,1 Q41,2 Q413 - OQk41n
(n1 An2 an3 to 7 ﬁnj (t’ 5)
Using these, we have equation (6.13]), can be written as
Bh;(t,£) =0, for 1 <j <n. (6.14)

Note that the matrix B is obtained from A by removing the second row and it is (n — 1) X n matrix.
From the definition of A it is clear that rank of A is n, so the rank of B is n — 1. i.e. there exists
at-least one non-zero minor of order n — 1 of the matrix B. Without loss of generality assume B’
is non-zero minor of order n — 1, where B’ is given by

¢ og¢ . o
8¢1 3¢>1 8¢1
a32 a33 T a3n
B = a2 a3 T Qkn
Ag4+1,2 QAkg4+1,3 *°° Ok41n
An2 an3 T Ann
Now using the fact /f;u(t, £) =01in (6.14), we have
B’h’l(t,é) =0 (6.15)

N ~ ~ T
where b/, = <h21(t,£), B (L,€), - - - ,hnl(t,5)> . Since B’ has full rank therefore b, (#,€) = 0. Also
using the fact Eij(t, ) = —/ﬁji(t,f) and hy(¢,&) = 0, we have

B'W(t,§) =0, for2<j <n (6.16)

where h’ is an (n — 1) vector obtained after deleting jth entry from h;. Now using (6.15) and (6.16)
in (6.14), we get

h;(t,§) =0, for 1 <j<n
which gives us
hij(t,€) =0, for 1 <i,7 <n and £ near e,.
Since /ﬁij are compactly supported therefore using the Paley-Wiener theorem, we have
ﬁij(t,f) =0, for1<i,j<né&eR"andt e (0,7).

Fourier inversion formula gives us h;;(t,z) = 0 for x € R" and for each t € (0,7"). Finally after
using the definition of h;;(t,z) and the Poincaré lemma, there exists a ®(¢,-) € C°(R") such that
F(t,z) = V,®(t,x) for x € Q and for each t € (0,7). This completes the proof of Lemma O
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6.1. Proof of Theorem . Using (6.5 and the fact that A is time-independent, we have

/w - Az + sw)ds =0, for x € R" with |w —wp| <.
R
. . . . 2,00
Hence using Lemma in the above equation, there exists & € W;">°(Q2) such that
Ax) =V, 0(x), z € Q. (6.17)

This completes the proof for recovery of convection term A(x). Next we prove the uniqueness for
the density coefficients ¢;(¢, ) for i = 1,2. Since from (6.17), we have A®(z) — AW (z) = V,®(x)
for some ® € Wy™(Q). Now if replace the pair (A", q,) by (A®), ¢3) where A®) = AD £V, and
g3 = q1 then using the fact that ® € WOQ’OO(Q) and Equation (2.2)), we get Ay 4 = M s 4, Now
repeating the previous arguments and Lemma there exists ®; € VVO2 °(Q) such that

AP (z) — AV (z) = V, &, (2)

which gives us A®)(x) = A®) () for x € Q. Hence using pairs (A®), g3) and (A?), ¢) in (5.9) and
the fact that g3 = q1, we get

/q(t,x)uz(t,x)v(t,x)dxdt = — / dyu(t, z)v(t, x)dS,dt
Q \G

where q(t,x) = q1(t,z) — q2(t, ). Now using the expressions for uy and v from (4.1)) and (4.4)
respectively and taking A — oo, we get

/q(t, x)e_i(ﬁ”f)dxdt =0, for 7 € R and ¢ € wh, where w € S"! is near w.

Q

Since ¢ € L™(Q) is zero outside ) therefore by using the Paley-Wiener theorem we have ¢, (¢, x) =
g2(t, ) for (¢,x) € Q. This completes the proof of Theorem [2.1]

6.2. Proof of Corollary . Using Equation (6.5]) and Lemma (/6.1)), we have for every t € (0,7
there exists ®(t,-) € Wy () such that

APt z) — AV (t,2) = V,0(t, z), (t,z) € Q. (6.18)
Now using Equations (2.3]) and (6.18)), we have

A,P(t,z) =0, x € Q and for each t € (0,7
O(t,z) =0, x € 09 and for each t € (0,T).

Using the unique solvability for the above equation, we have ®(¢,z) = 0 for (¢,2) € Q. Thus from
Equation (6.18)), we get A®)(t,2) = AV(t,z) for (t,r) € Q. Using this in (5.9) and repeating the
previous arguments, we get q;(¢,z) = ¢(t, x), (t,2) € Q.
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